Introduction
The study of the nature of the values of the gamma function Γ (z) at rational arguments has been in the focus from the times of Euler. But apart from a very few special cases, the (possible) transcendence of the gamma values at rational arguments is merely conjectural and even their irrationality is yet to be established. The result of Schneider who in 1941 [14] proved that the beta function [3] who proved the stronger assertion that the two numbers Γ (1/4) and π are algebraically independent and so are the two numbers Γ (1/3) and π. Later in 1996, Nesterenko [11] (see also [12, p. 6] Γ (a/D) (a) are algebraically independent. Consequently, the numbers Γ (1/4), π and e π are algebraically independent and so are the numbers Γ (1/3), π and e π √ 3 .
Using the standard identities satisfied by the gamma function (to be given later), the transcendence of Γ (1/6) can be deduced. Recently, Grinspan [4] showed that at least two of the three numbers Γ (1/5), Γ (2/5) and π are algebraically independent. Apart from these very few special cases, the algebraic nature of the gamma function at rational arguments remains enigmatic. One of our goals in the present work is to explore the nature of the logarithm of the gamma function at rational arguments. Here, we prove Theorem 3.1. For any rational number x ∈ (0, 1), the number log Γ (x) + log Γ (1 − x) is transcendental with at most one possible exception.
The possible fugitive exception in the above theorem can be removed if we assume that the following conjecture due to Schanuel (Lang 1966 [8] 
Schanuel's conjecture and consequences
Let L denote the logarithms of non-zero algebraic numbers, that is Later, Baker in 1966 generalised the above to arbitrary number of logarithms of algebraic numbers. More generally, he proved the following:
An immediate consequence of the above theorem is that any non-zero element in the Q-vector
is necessarily transcendental. As mentioned before, an element of this vector space will be called a Baker period.
On the other hand, the question of algebraic independence of transcendental numbers or even more specifically those of numbers connected with the exponential function is rather delicate. One of the very few general results is the following classical result due to Lindemann and Weierstrass [15] . A more recent development is the striking result due to Nesterenko that π, e π and Γ (1/4) are algebraically independent.
Theorem (Lindemann-Weierstrass
The most far reaching conjecture in this set up is Schanuel's conjecture (Lang 1966 [8] ) which is mentioned in the introduction. We deduce some important consequences of this conjecture. We start with noting the following special case of Schanuel's conjecture. Weaker Schanuel's Conjecture. Let α 1 , . . . , α n be algebraic numbers such that log α 1 , . . . , log α n are linearly independent over Q. Then these numbers are algebraically independent.
We begin by proving the following consequence of the weaker Schanuel's conjecture; this will be of importance for us, especially for the results in the last section. Proof. We use induction on n. For n = 1, the lemma is true by Hermite-Lindemann's theorem. Sup- Proof. Since α is a Baker period, we can write
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where f is a polynomial in Q[x 1 , . . . , x n+k ] with f (0, . . . , 0) = 0. Then by Lemma 2.1, the right-hand side of (2) is either zero or transcendental. In either case it is a contradiction and the result follows. 2
We note that Kontsevich and Zagier [7] have introduced the notion of periods. A period is a complex number whose real and imaginary parts are values of absolutely convergent integrals of algebraic functions with algebraic coefficients, over domains in R n given by polynomial inequalities with rational coefficients. Clearly all algebraic numbers are periods. An example of a transcendental period is π as it is expressible as
Also, logarithms of algebraic numbers are periods and hence by Baker's theorem, we have an infinite (but countable) class of transcendental numbers which are periods. Moreover, the periods form a ring and the Baker periods form a subgroup of this ring. In view of the above results, it is tempting to wonder if the group of units of this ring contains only the obvious units, namely the non-zero algebraic numbers. Now we proceed to derive some other interesting consequences of Schanuel's conjecture: Proof. (1) Note that for α ∈ Q \ {0, 1}, log α and log log α are linearly independent over Q. As otherwise α n = (log α) m for n, m ∈ Z, a contradiction. By applying Schanuel's conjecture, we see that the numbers log α, log log α are algebraically independent. The general case follows by induction.
(2) We apply Schanuel's conjecture to the Q-linearly independent numbers α 1 , . . . , α n and iπ to get the result.
(3) Apply Schanuel's conjecture to the Q-linearly independent numbers iπ , α 1 π, . . . , α n π to conclude the result.
(4) Apply Schanuel's conjecture to the Q-linearly independent numbers iπ , π α and π β to get the result.
(5) By Nesterenko's theorem, we know that π and log π are linearly independent over Q. We apply Schanuel's conjecture to the Q-linearly independent numbers 1, iπ and log π to conclude that e, π and log π are algebraically independent. Now apply Schanuel's conjecture to the Q-linearly independent numbers 1, log π, iπ + e log π, e log π . 
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will force that log α 1 , . . . , log α n are algebraically dependent, a contradiction. Now applying Schanuel's conjecture to the Q-linearly independent numbers iπ , log α 2 , . . . , log α n , log π we see that log α 1 , . . . , log α n , log π are algebraically independent. Next suppose that π and log α 1 , . . . , log α n are linearly independent over Q. Then we apply Schanuel's conjecture to the Q-linearly independent numbers iπ , log α 1 , . . . , log α n , log π to get the required result. 2
It is worthwhile to mention our motivation for studying the nature of log π . The logarithms of the gamma function as well as log π are of central importance in studying the non-vanishing as well as algebraic nature of various special values of a general class of L-functions. An understanding of the nature of log π and log Γ (x) is central to such investigations. We refer to [5] for further elaborations.
Transcendence of the log gamma function
We begin by recalling some of the fundamental properties of the gamma function. The reciprocal of the gamma function is an entire function and hence has a product expansion given by
Here γ is the elusive Euler's constant. Then, we have the following standard relations:
(na) (Multiplication).
An interesting conjecture due to Rohrlich is the following:
Conjecture (Rohrlich). Any multiplicative dependence relation of the form
is a consequence of the above relations.
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We shall also require the following properties of the digamma function ψ(z), the logarithmic derivative of the gamma function. For z = 0, −1, . . . , where ψ(z) has simple poles with residue −1,
Here, we consider the logarithm of the gamma function at rational arguments. Even though the gamma function is conjectured to take transcendental values at all rational non-integral arguments, the possibility that the logarithm of gamma function at rationals is algebraic is something which cannot be ruled out at the outset. In this connection, we have Theorem 3.1. For any rational number x ∈ (0, 1), the number
is transcendental with at most one possible exception.
Proof. Using the reflection property of the gamma function, we have
If x 1 and x 2 are distinct rational numbers with
then their difference log sin π x 1 − log sin π x 2 is an algebraic number. But this is a non-zero Baker period and hence transcendental. 2
As an immediate corollary, we have If we assume Schanuel's conjecture, the existence of the fictitious rational alluded above can be ruled out. More precisely Proposition 3.3. Schanuel's conjecture implies that
is transcendental for every rational 0 < x < 1.
Proof. As noticed in the previous section, Schanuel's conjecture implies that for any non-zero algebraic number α, the two numbers e α and π are algebraically independent. Suppose α = log Γ (x) + 
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We also have 
for (s) > 1. The series ζ(s, 1) is the Riemann zeta function. Hurwitz [6] proved that this function extends meromorphically to the entire complex plane with a simple pole at s = 1 with residue 1. 
Here the differentiation is with respect to the variable s. Consequently, we have Proof. Note that it is sufficient to prove the result for 0 < x < 1. If Γ (x) is transcendental for all 0 < x < 1, there is nothing to prove. Suppose for some 0
Baker period. By Lerch, we have Proof. Since
is a Baker period, it is either zero or transcendental by Baker's theorem. This is zero only when
i.e. when x = 1/6 or x = 5/6. 2
Finally, in the other direction, 
Proof. Again by Lerch's identity and since
Thus by Baker's theorem, it is transcendental. 2
Transcendence of series of rational function
In this section, we investigate the algebraic nature of some series of the form
where P (x) and Q (x) are polynomials with algebraic coefficients. Our aim is to consider such series with polynomials having arbitrary algebraic roots. We use the Lindemann-Weierstrass theorem and the theorem of Nesterenko to isolate the transcendence nature of many such sums. In some more general set up, these theorems are no longer strong enough and it is the conjecture of Schanuel which is of relevance. Sums of these type can be regarded as discrete versions of the periods of Kontsevich and Zagier.
Denoting the ring of periods by P, we have the following chain of inclusions
Conjecturally, the transcendence degree in the second inclusion above is infinite and hence it is unlikely that we can conclude about the transcendental nature of all such series in total generality, even under an assertion as strong as Schanuel's. First, we have Theorem 4.1.
(1) Let α be a non-zero rational number and d be any natural number. Then
(2) Let α be a non-integral rational number and k > 1 be a natural number. Then
Proof. (1) Using the properties of the digamma function, we have
Since by Nesterenko's theorem, π, e π √ d are algebraically independent, the above sum is transcendental.
(2) We know
. It is a consequence of a result of Okada [13] 
is transcendental. 
Proof. (1) Using partial fractions, we can write
). Then arguing as before, we have
By Lindemann-Weierstrass theorem, the second sum in the right-hand side is transcendental.
(2) As before,
, where c j = P (α j )/Q (α j ). The restriction on the degree of P shows that r j=1 c j = 0. Then we have 
, where
), as before we have It is worth mentioning that in the above cases, we are not able to deal with the case when the polynomial Q (x) has integer roots which seems to suggest that the transcendence of the Riemann zeta function at odd positive integers is beyond the realm of Schanuel's conjecture. Finally, while the theorem of Baker or even the conjecture of Schanuel helps in establishing the transcendence of such series, we do not seem to have any such general theory which is tailor-made to establish a weaker assertion, namely the irrationality of such series.
